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Abstract
We investigate the entanglement and nonlocality properties of two randomXX spin-1/2 critical chains, in order to better understand
the role of breaking translational invariance to achieve nonlocal states in critical systems. We show that breaking translational
invariance is a necessary but not sufficient condition for nonlocality, as the random chains remain in a local ground state up to a small
degree of randomness. Furthermore, we demonstrate that the random dimer model does not have the same nonlocality properties
of the translationally invariant chain, even though they share the same universality class for a certain range of randomness.
Keywords: Disordered systems, Spin chains, Entanglement, Nonlocality
1. Introduction
The use of quantum information tools in condensed matter
systems has become widespread, mostly because of their use-
fulness for a better understanding of the behavior of quantum
critical ground states (for a review, see Ref. [1]). Currently, en-
tanglement and nonlocality measurements are under intensive
scrutiny since they have shown to be able to signal quantum
phase transitions1 (QPTs) in many-body systems [2–10]. Even
though these concepts are frequently associated with each other,
it has been shown that they are indeed distinct by the construc-
tion of of entangled mixed states which do not violate Bell-like
inequalities2 [11]. In addition, finding nonlocal states in many-
body systems is of major interest, bearing in mind the many
interesting applications of nonlocal states, such as to cryptogra-
phy [12] and to the generation of random numbers [13].
Although it was observed that nonlocality measures may
point out QPTs, it is far from clear what is the relation between
nonlocality and QPTs. For instance, a recent study [14] has
shown that due to monogamy and translational invariance, any
mixed state of a spin pair of the critical XXZ spin-1/2 chain is a
local state, i.e., any spin pair does not violate the Bell inequal-
ity (even though they can be in an entangled mixed state). This
conclusion led us to inquire whether, generically, a critical state
is always local.
Therefore, we consider here two different spin-1/2 chains
with randomly generated coupling constants. By introducing
randomness, we are able to break translational invariance with-
out driving the system out of criticality. In one these ran-
dom models, the critical state belongs to the so-called infinite-
randomness universality class [15]. In this case, when the de-
gree of inhomogeneities is very large, there are spin pairs in
1This is understood as a consequence of entanglement and nonlocality (as
well as discord) inheriting the nonanalytic behavior at the critical point from
the usual spin-spin correlation functions
2When we refer to Bell inequalities or Bell-like inequalities we have in mind
the original Bell inequality and the CHSH inequality (see Sec. 3).
nearly Bell-like (singlet) states [16] which become strong can-
didates to violate the Bell inequality. In the other model, the
corresponding universality class is of finite-disorder type. It
was shown that the corresponding ground state has many sim-
ilarities with the one of the translationally invariant case, such
as sharing the same set of critical exponets (i.e., belonging to
the same universality class) below a certain degree of random-
ness [17, 18]. It is then much less clear whether the Bell in-
equality is violated or not.
We have shown here that the Bell inequality is violated in
both cases, if the degree of randomness is greater than a certain
amount (which we have determined). Moreover, for the case
in the infinite-randomness universality class, the spin pairs vi-
olating the Bell inequality can be widely separated, while for
the finite-disorder case only nearest-neighbor spin pairs may be
in nonlocal states. The most striking result is that the second
model exhibits nonlocality even when it belongs to the same
universality class of the translationally invariant case (which
was shown to be local).
The remainder of this paper is structured as follows: in Sec. 2
we present our randommodels, emphasizing the differences be-
tween them. In Sec. 3 we define and describe how to obtain the
entanglement and nonlocality measurements. Sec. 4 presents
our numerical results, which are further discussed in Sec. 5 and
followed by perspectives of future studies and applications.
2. The random uncorrelated and correlated XX spin-1/2
models
Here, we introduce the two studied models, which are spe-
cial cases of the disordered XXZ spin-1/2 chain [19, 20]. This
model is described by the Hamiltonian
H =
L∑
i=1
Ji
(
S xi S
x
i+1 + S
y
i
S
y
i+1
+ ∆iS
z
i
S z
i+1
)
, (1)
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where S α
i
are the usual spin-1/2 operators, Ji > 0 are the cou-
pling constants, ∆i are the anisotropy parameters and L is the
chain size which we will assume to be even. In addition, we
will consider periodic boundary conditions: Si+L = Si.
In the translationally symmetric case (Ji = J and ∆i = ∆) the
system is critical for −1 ≤ ∆ ≤ 1 and it is described as an exotic
Tomonoga-Luttinger spin liquid state [21], which is a highly
entangled [1] but local state, i.e., any spin pair does not violate
the Bell inequality [3, 14].
Conversely, in the uncorrelated random case (Ji and ∆i be-
ing uncorrelated and identically distributed random variables)
the system is described as a critical random singlet state for
−1/2 < ∆i ≤ 1 [15, 22] in which spin pairs can be highly
entangled in nearly singlet states [16, 23–25], as depicted in
Fig. 1. Remarkably, it was shown that this state is universal, in
the sense that all of its low-energy critical properties do not de-
pend on (i) the details of the random variables, provided that the
width of their distribution is not zero and not unphysically large,
and on (ii) the system anisotropy, provided that −1/2 < ∆i ≤ 1.
For this reason, we here restrict our study to the case known
as the XX model, in which ∆i = 0, ∀ i. Another reason for our
choice is due to the existence of a mapping between the XX
chain and the tight-biding model of free spinless fermions [26],
which allows us to study considerably large chains via the exact
diagonalization of the Hamiltonian (1). Finally, it is plausible
that our conclusions for the XX model also extend to the XXZ
model in the critical random-singlet region −1/2 < ∆i ≤ 1 be-
cause, in this region, the ground state of the randomXXZ chain
depends very weakly on the values of the local anisotropies ∆i,
thus exhibiting the symmetry properties of the SU(2) symmet-
ric Heisenberg model ∆i = 1 [27].
In our study, we draw the random couplings from a power-
law like probability density distribution
P(J) = D−1J
1
D
−1, (2)
where 0 < J < 1. Here, D ≥ 0 parameterizes the disorder
strength, with D = 0 recovering the translationally invariant
case. The probability distribution (2) is a natural choice as it
allows us to assess a wide range of disorder strength by vary-
ing the parameter D. Moreover, this probability distribution
also coincides with the one of the infinite-randomness fixed
point, which governs the critical behavior of the system [15].
Nonetheless, for the sake of completeness, we have also con-
sidered the case of box-like distributions, i.e.,
P(J) =

1, for Jmin < J < 1
0, otherwise
(3)
In this case, Jmin parameterizes the disorder strength, with
smaller Jmin meaning stronger disorder.
We now introduce our second model: the random correlated
XX spin-1/2 chain. The difference with respect to our first
model is that instead of considering an uncorrelated sequence
of random couplings {J1, J2, . . . , JL}, we consider the special
sequence of couplings {J1, J1, J2, J2, . . . , JL/2, JL/2}. Our in-
terest in this special model is because it was recently shown that
Figure 1: Representation of the random singlet state where the dots are the spins
in a regular lattice and the curves connect spin pairs in nearly singlet states.
short-range correlations among the random exchange couplings
Ji (e.g., the one we are considering here, J2i = J2i−1) can dra-
matically change the low-energy properties of the XX spin-1/2
chain [17, 18, 28]. For instance, the ground state of the random
correlated model is completely unrelated to the random-singlet
state of the uncorrelated one; in fact, it even shares many sim-
ilarities with the ground state of the translationally invariant
case. For 0 ≤ D ≤ Dc, the ground-state bipartite (block) en-
tanglement and the low-energy thermodynamics are practically
identical to those of the translationally invariant system [18].
Only for D > Dc ≈ 0.3 these quantities become distinct with,
surprisingly, the (block) entanglement entropy increasing with
the disorder strength D (and being greater than that of the trans-
lationally invariant) [17].
3. Entanglement and Violation of Bell Inequality
In the strong-disorder limit (D ≫ 1), it is a good approx-
imation to describe the ground state of (1) (with uncorrelated
random couplings) by the random-singlet state (see Fig. 1): a
collection of independent singlets. We now would like to test
this approximation by measuring how far two spins i and j are
from the actual singlet state |Ψ−〉 = (|+−〉 − |−+〉)/
√
2. For this
reason, we study the so-called fidelity, which is given by
Fi j =
〈
Ψ−
∣∣∣ ρi j ∣∣∣Ψ−〉 , (4)
where ρi j is the ground-state reduce density matrix encoding all
the information about the physical state of the two spins i and j.
Using the symmetries of the XX spin-1/2 chain Hamiltonian,
one can related the fidelity to the ground-state transverse Cxx
i j
and longitudinalCzz
i j
spin-spin correlation functions [16]:
Fi j =
1
4
− 2Cxxi j − Czzi j , (5)
where Cαα
i j
=
〈
S α
i
S α
j
〉
= Tr(ρi jS
α
i
S α
j
). More importantly, the
fidelity is related to the concurrence Ci j (a bona fide entangle-
ment measurement [29–31]) via
Ci j =

0, if Fi j ≤ 1/2,
2Fi j − 1, if Fi j > 1/2.
(6)
Thus, for this model, the fidelity can be used as a entanglement
measurement since it is monotonically related to the concur-
rence, with
Fi j > 1/2 (7)
meaning that the two spins are entangled.
In addition to the entanglement, we also want to verify if
the two-spins physical state is nonlocal by violating the Bell
2
inequality Bi j ≤ 2 [32, 33], where the Bell measurement for
our model Hamiltonian is simply [3]
Bi j = 8max

√
2
(
Cxx
i j
)2
,
√(
Cxx
i j
)2
+
(
Czz
i j
)2 . (8)
Moreover, for the XX spin-1/2 chain, we have verified that in
all of our calculations
∣∣∣∣Cxxi j
∣∣∣∣ ≥
∣∣∣∣Czzi j
∣∣∣∣.3 Hence, the two-spin state
is nonlocal whenever
∣∣∣Cxxi j ∣∣∣ > 1
4
√
2
≈ 0.1768. (9)
Notice furthermore that any spin pair which violates the Bell
inequality is also entangled, but the reciprocal is not true.
As mentioned before, the nonviolation of the Bell inequal-
ity has been shown in the critical translationally invariant XXZ
spin-1/2 chain [3]. This property was later understood using the
concept of monogamy in translationally invariant systems [14]
which, as a result, forbids that a given spin is in a nonlocal state
with two neighbors simultaneously. However, the introduction
of disorder breaks translational invariance and, consequently,
monogamy plays no longer a role.
Finally, in order to gain further insight on the global structure
of the entanglement properties of the ground state, we study the
monogamy relation
∑
j,i C2i j ≤ 1 (for fixed i) [34–36]. Since
we are dealing with randommodels, it is natural to sum over all
sites i and thus, we conveniently rewrite the monogamy relation
as
M =
2
L
L−1∑
i=1
L∑
j=i+1
C2i j ≤ 1. (10)
Closely related to this quantity is the total number of spin pairs
violating the Bell inequality QNL. As shown in Ref. [14], three
spins cannot be simultaneously in pairwise nonlocal states.
Thus, QNL cannot be larger than the total number of spin pairs
which is also L/2. For this reason, we evaluate the normalized
quantity 2QNL/L ≤ 1
4. Numerical results
In this section, we present our numerical study of the entan-
glement and nonlocality properties of the two random models
introduced in Sec. 2. In both cases, the random XX spin-1/2
chains are mapped into free spinless fermions from which we
can compute the ground-state transverse and longitudinal spin-
spin correlation functions [26]. From these correlation func-
tions, we are then able to compute the fidelity, concurrence, Bell
measurement and monogamy, as explained in Sec. 3. Except for
the monogamy, due to the lack of translational invariance, these
quantities do not acquire a single distance-dependent value. In-
stead, they are randomly distributed and, for this reason, much
3Although this assumption seems obvious, we were not able to prove it
rigorously. Further numerical inspections indicates that it is true for all cases in
which −1 < ∆i < 1.
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Figure 2: Normalized histogram of the transverse correlation function Cxx
i j
for
all possible spin pairs i and j for the uncorrelated disorder model. In panel (a)
the coupling constants are distributed in a power-law fashion [see Eq. (2)] while
in panel (b) it is box-like distributed [see Eq. (3)]. The dashed line represents
the nonlocality threshold (9).
more information is gained from their probability density dis-
tributions. Therefore, we here compute the corresponding nor-
malized histograms.
We have considered spin chains of sizes L = 100 and 200
with periodic boundary conditions and verified that our data are
nearly free of finite-size effects. (In most cases, we have also
checked this result by comparison with chains of size L = 400).
For clarity, we will only show the results for L = 100. The
data were built considering N = 105 different disorder configu-
rations for all the sizes studied, yielding an statistical error of a
few percent.
4.1. Uncorrelated disorder model
We now present our results for the uncorrelated disorder
spin-1/2 chain.
Our first goal is to investigate the minimum amount of dis-
order required for the existence of nonlocal states, i.e., spin
pairs which violate the Bell inequality. Fig. 2 shows the dis-
tribution of all spin pairs transverse correlations Cxx
i j
for the
cases in which the couplings are distributed (a) in a power-
law (2) and (b) in a box-like fashion. For disorder strength
D < DNL = 0.015(1) (or Jmin > JNL = 0.91(1)), with the num-
ber in parenthesis denoting the statistical error of the last digit,
there is no violation of the Bell inequality for any pair, and thus,
the state is local as in the translationally invariant case. Con-
versely, for D > DNL (or Jmin < JNL), we observe spin pairs
that do violate the Bell inequality. We then arrive in one of our
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Figure 3: Normalized histogram of (a) fidelities Fi j and (b) transverse correla-
tion Cxx
i j
for the spin pairs |i− j| > L/6 for the uncorrelated disorder model. The
dashed lines represent the entanglement and nonlocality threshold, Eqs. (7) and
(9), respectively.
main results, which is the existence of a nonlocal critical state
in disordered systems.
In addition, we would like to highlight one striking feature
of the random singlet state (see Fig. 1): the spin pairs in a
nonlocal state can be widely separated. In Fig. 3 we show the
distributions of fidelities [panel (a)] and transverse correlation
functions [panel (b)] for spin pairs widely separated from each
other, namely, |i − j| > L/6. We verify the existence of entan-
gled pairs and nonlocality for D > 0.22(1) and D > 0.36(1),
respectively.
For completeness, we show in Fig. 4 the distribution of the
transverse correlations for widely separated spin pairs (|i − j| >
L/6) for a broader range of disorder strength D. Clearly, the
fraction of spin pairs violating the Bell inequality increases with
D. This behavior is expected since the random singlet state is
known to become a better description of the true ground state
in the strong disorder regime [16].
In order to further corroborate this result, we compute the
average number of the spin pairs violating the Bell inequality
QNL. In the random singlet state (as sketched in Fig. 1) there
are L/2 singlet states, and thus, L/2 nonlocal spin pairs. Hence,
it is expected that 2QNL/L → 1 in the limitD → ∞, as observed
in Fig. 5(a). Likewise, the monogamy relation (10) is expected
to saturate in the same limit, which is consistent with our results
in Fig. 5(b).
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Figure 4: Same as Fig. 3(b) but for a different set of disorder parameter values
D.
4.2. Correlated disorder case
We now present our results for the case in which the cou-
plings constants are correlated random variables appearing
in pairs, i.e., the sequence of random coupling constants is
{J1, J1, J2, J2, . . . , JL/2, JL/2}, as explained in Sec. 2.
Likewise the random uncorrelated model, we firstly investi-
gate the minimum disorder strength necessary to have nonlocal-
ity. As shown in Fig. 6, nonlocality is obtained for D > D∗
NL
=
0.037(1) and J < J∗
NL
= 0.62(1) for the cases of power-law [see
Eq. (2)] and box-like distributions, respectively. This result is
somewhat surprising, since as discussed before, the correlated
random case is known to be in the same universality class of the
translationally invariant case for D < Dc ≈ 0.3 [17, 18]. How-
ever, the translationally invariant case does not have spin pairs
in a nonlocal state, which are, in contrast, already observed for
the correlated random case with D∗
NL
< D < Dc. Thus, we have
a critical model which exhibits nonlocality even though it be-
longs to same universality class as a system with a local ground
state.
We call the attention to the fact that the random correlated
and uncorrelated models are fundamentally distinct. In order
to see this, we plot in Fig. 7(a) the distribution of fidelities
for spin pairs separated by distances ranging from 7 to 13 in
the high disordered case D = 5. Differently from the random
uncorrelated case, only pairs with |i − j| ≤ 9 are entangled.
In Fig. 7(b) we plot, as a function of the disorder strength D,
the maximum distance |i − j|max for entangled spin pairs found
among our N = 105 different chains for all system sizes stud-
ied. No entangled spin pair separated by distances greater than
9 was found for any disorder strength.
In addition, the spin pairs violating the Bell inequality are
only the nearest-neighbor ones, as shown in Fig. 8. With these
results, there is no doubt about the fundamental difference be-
tween the ground states of the correlated and uncorrelated ran-
dom models.
Finally, we show in Figs. 5(a) and (b) the average number of
spin pairs violating the Bell inequality QNL and the monogamy
M [see Eq. (10)] as a function of the disorder strength D, re-
spectively. Although these quantities increase with D, they do
not saturate near their corresponding thresholds as in the uncor-
related disorder case.
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Figure 5: (a) The average number of spin pairs that violate the Bell inequality
QNL and (b) the monogamy relation for entanglement M as a function of the
disorder strength D for both uncorrelated and correlated disordered models.
The dashed line is the value for the translationally invariant system (case D =
0).
5. Discussion and Conclusion
We have studied the effects of disorder (i.e., spatial inho-
mogeneities described as random coupling constants) on the
pairwise entanglement and nonlocality properties of the ground
state of two critical XX spin-1/2 chains. These two chains dif-
fer on the nature of the random coupling constants; in one case
they are correlated while in the other they are not. We have
shown that both random models have spin pairs violating the
Bell inequality, which is in contrast with the translationally in-
variant case, where the interplay with monogamy forbids the
violation of Bell inequality. Thus, we have shown that criti-
cal random systems can be nonlocal and have determined the
minimum amount of disorder necessary. Therefore, it becomes
clear that breaking translational invariance is a necessary but
not sufficient condition for nonlocality.
We have evaluated the entanglement and nonlocality proper-
ties of both random chains for a relatively wide disorder range,
considering all possible spin pairs and also fixed distances. As
already expected, we have noticed many differences between
the uncorrelated and correlated disorder cases. For instance,
the former requires less disorder than the latter to have pairs vi-
olating the Bell inequality (see Figs. 2 and 6). Moreover, for
the uncorrelated case, the spin pairs violating the Bell inequal-
ity can be widely separated, while for the correlated case we
have shown that only nearest neighbors can be in a nonlocal
state (see Fig. 8).
The existence of widely separated nonlocal states for the un-
correlated disorder case can be readily understood as a feature
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for
all possible spin pairs i and j for the correlated disorder model. In panel (a) the
coupling constants are distributed in a power-law fashion [see Eq. (2)] while in
panel (b) it is box-like distributed [see Eq. (3)]. The dashed line represents the
nonlocality threshold (9).
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Figure 7: (a) Normalized histogram of fidelities Fi j for the correlated disorder
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for the correlated
disorder model, considering only pairs with distance |i − j| = 1 and 3 and
disorder strength D = 5.0. The dashed line represents the nonlocality threshold
(9).
of the random singlet state, which gives a good description of
the system ground state in the limit of strong disorder. The
random singlet state consists of a collection of L/2 arbitrarily
spaced singlets (see Fig. 1), where L is the chain length. Thus,
as disorder is increased, one could expect the average number
of pairs violating the Bell inequality QNL for the uncorrelated
case approaching the maximum value, as it is indeed verified
in Fig. 5(a). Furthermore, the monogamy relation (10) exhibits
a similar behavior with disorder, as shown in Fig. 5(b), but the
saturation takes place only for higher disorder strengths.
However, for the correlated disorder case the system ground
state cannot be described by the random singlet state and, thus,
the nonlocal states are not widely separated. In fact, for this
case we have determined the maximum distances for entangled
and nonlocal states, which are |i− j|max = 9 and |i− j|max = 1, re-
spectively. Moreover, the number of pairs violating Bell and the
monogamy relation also increase with disorder, but with a satu-
ration value far below the upper bounds. In addition, we would
like to call the attention to a rather surprising result: For disor-
der strength D∗
NL
< D < Dc ≈ 0.3, the system has spin pairs in
nonlocal states even though it is in the same universality class
of the translationally invariant case (i.e., they have the same set
of critical exponents), which is known to be local [14]. Thus,
critical systems in the same universality class can have differ-
ent nonlocality properties, which shows that nonlocality is not
a universal property.
Finally, nonlocal states were recently found in many-body
system of cold-atom system [37, 38]. We expect our work to
provide a useful reference for future experiments on random
spin-1/2 chains.
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